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Äëß êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé, îïèñûâàþùèõ äèíàìèêó âßç-
êîé ñëàáîñæèìàåìîé æèäêîñòè, äîêàçàíî ìîíîòîííîå ñòðåìëåíèå ê íó-
ëþ ïîëíîé êèíåòè÷åñêîé ýíåðãèè â îãðàíè÷åííîì îáúåìå. Íàéäåíû
àïðèîðíûå îöåíêè ðåøåíèé. Ïîñòðîåíû òî÷íûå ôèçè÷åñêè àäåêâàòíûå
ðåøåíèß ñòàöèîíàðíûõ êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé â öèëèí-
äðè÷åñêèõ è ñôåðè÷åñêèõ êîîðäèíàòàõ, ñîâïàäàþùèå ñ ñîîòâåòñòâóþ-
ùèìè òî÷íûìè ðåøåíèßìè óðàâíåíèé ÍàâüåÑòîêñà è Ýéëåðà.
For quasihydrodynamic equations, describing dynamics of viscous slightly
compressible ﬂuid, the monotonic approaching to zero of total kinetic energy
in bounded volume is proved. A priori estimates of solutions are found.
Exact solutions of stationary quasi-hydrodynamic equations in cylindrical
and spherical coordinates, coinciding with appropriate solutions of Navier
Stokes and Euler equations, are constructed.
Êëþ÷åâûå ñëîâà: óðàâíåíèß ÍàâüåÑòîêñà, êâàçèãèäðîäèíàìè÷åñ-
êèå óðàâíåíèß, äèññèïàöèß ýíåðãèè, òî÷íûå ðåøåíèß.
Keywords: NavierStokes equations, quasi-hydrodynamic equations,
energy dissipation, exact solutions.
Ââåäåíèå
Êëàññè÷åñêàß ñèñòåìà ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàåìîé æèäêîñòè ßâëß-
åòñß äèññèïàòèâíîé è îáëàäàåò ñåìåéñòâîì òî÷íûõ ôèçè÷åñêè àäåêâàòíûõ ðåøå-
íèé [1], [2]. Èíîãäà ðåøåíèå óðàâíåíèé ÍàâüåÑòîêñà óäîâëåòâîðßåò òàêæå ñèñòåìå
Ýéëåðà [3].
Â 1994 ã. àâòîðîì áûëà ïðåäëîæåíà äðóãàß ñèñòåìà, ïîëó÷èâøàß íàçâàíèå êâà-
çèãèäðîäèíàìè÷åñêîé [4]. Êâàçèãèäðîäèíàìè÷åñêèå (ÊÃÄ) óðàâíåíèß îòëè÷àëèñü
îò óðàâíåíèé ÍàâüåÑòîêñà äèâåðãåíòíûìè ÷ëåíàìè ñ ìàëûì ïîëîæèòåëüíûìè
ïàðàìåòðîì τ , èìåþùåì ðàçìåðíîñòü âðåìåíè. Òåîðåòè÷åñêîå îáîñíîâàíèå ïîäõî-
äà äàíî â [5], [6]. ÊÃÄ óðàâíåíèß øèðîêî ïðèìåíßëèñü äëß ïîñòðîåíèß ÷èñëåííûõ
ìåòîäîâ, â òîì ÷èñëå è ïðè ðåøåíèè íà ÝÂÌ êðàåâûõ çàäà÷ äëß óðàâíåíèé Íàâüå
Ñòîêñà [6][19]. Èõ îáîáùåíèå íà ñëó÷àé ñæèìàåìîé âßçêîé òåïëîïðîâîäíîé ñðåäû
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âûâåäåíî â [5]. Ïîëíàß ñèñòåìà ÊÃÄ ïðè îïðåäåëåííûõ îãðàíè÷åíèßõ ßâëßåòñß
ðàâíîìåðíî ïàðàáîëè÷åñêîé ïî Ïåòðîâñêîìó, ÷òî ïîçâîëßåò ñôîðìóëèðîâàòü äëß
íåå ëîêàëüíóþ ïî âðåìåíè òåîðåìó î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèß
çàäà÷è Êîøè. Äîêàçàíà òàêæå òåîðåìà î ãëîáàëüíîé îäíîçíà÷íîé ðàçðåøèìîñòè
çàäà÷è Êîøè äëß ÊÃÄ ñèñòåìû â àêóñòè÷åñêîì ïðèáëèæåíèè [20]. Àêòóàëüíîé
ßâëßåòñß ïðîáëåìà ïîëó÷åíèß àïðèîðíûõ ýíåðãåòè÷åñêèõ îöåíîê ðåøåíèé ïîëíûõ
è óïðîùåííûõ ÊÃÄ óðàâíåíèé [21], [23].
Â òîëüêî ÷òî âûøåäøåé ñòàòüå À.À. Çëîòíèêà [22] âûâåäåíî óðàâíåíèå áàëàíñà
ýíòðîïèè äëß ðîäñòâåííûõ êâàçèãàçîäèíàìè÷åñêèõ óðàâíåíèé â ñëó÷àå áîëåå îá-
ùèõ óðàâíåíèé ñîñòîßíèß. Ýòî îáîáùàåò ðåçóëüòàò àâòîðà [5], [6], ïîëó÷åííûé
ðàíåå äëß èäåàëüíîãî ïîëèòðîïíîãî ãàçà.
Â íàñòîßùåé ðàáîòå âïåðâûå ïðèâîäèòñß ïîäðîáíûé âûâîä óðàâíåíèß áàëàí-
ñà êèíåòè÷åñêîé ýíåðãèè äëß ÊÃÄ ñèñòåìû â ñëó÷àå ñëàáîñæèìàåìîé æèäêîñòè.
Äîêàçàíû òåîðåìà î äèññèïàöèè ïîëíîé êèíåòè÷åñêîé ýíåðãèè è åå ñòðåìëåíèå ê
íóëþ ñ òå÷åíèåì âðåìåíè. Ïîëó÷åíû àïðèîðíûå îöåíêè. Ïîñòðîåíû òî÷íûå ôè-
çè÷åñêè àäåêâàòíûå ðåøåíèß ñòàöèîíàðíûõ ÊÃÄ óðàâíåíèé â öèëèíäðè÷åñêèõ
è ñôåðè÷åñêèõ êîîðäèíàòàõ, ñîâïàäàþùèå ñ èçâåñòíûìè ðåøåíèßìè óðàâíåíèé
ÍàâüåÑòîêñà è Ýéëåðà.
1. Ïîñòàíîâêà íà÷àëüíîêðàåâîé çàäà÷è
Êâàçèãèäðîäèíàìè÷åñêàß ñèñòåìà, îïèñûâàþùàß äâèæåíèß ñëàáîñæèìàåìîé
âßçêîé æèäêîñòè â îäíîðîäíîì âíåøíåì ãðàâèòàöèîííîì ïîëå, ìîæåò áûòü çàïè-
ñàíà â ñëåäóþùåì äèâåðãåíòíîì âèäå:
div ~u = div ~w, (1.1)
∂~u
∂t
+ div (~u⊗ ~u) +∇p = ~g + 2η div σ̂ + div [(~w ⊗ ~u) + (~u⊗ ~w)]. (1.2)
Çäåñü
σ̂ = σ̂(~u) =
1
2
[
(∇⊗ ~u) + (∇⊗ ~u)T ]
 òåíçîð ñêîðîñòåé äåôîðìàöèé. Âåêòîð ~w, ñâßçàííûé ñ âåêòîðîì ïëîòíîñòè ïî-
òîêà ìàññû ~jm ñîîòíîøåíèåì ~jm = ~u− ~w, âû÷èñëßåòñß ïî ôîðìóëå
~w = τ
(
(~u · ∇)~u+∇p− ~g
)
.
Êîýôôèöèåíò äèíàìè÷åñêîé âßçêîñòè η è õàðàêòåðíîå âðåìß ðåëàêñàöèè τ ñ÷èòà-
þòñß çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè. Ïàðàìåòð τ ìîæåò áûòü îïðåäå-
ëåí ñ ïîìîùüþ âûðàæåíèß
τ =
η
c2s
,
ãäå cs  ñêîðîñòü çâóêà, êîòîðàß ìîæåò áûòü èçìåðåíà ýêñïåðèìåíòàëüíî. Âåêòîð ~g,
ïî ìîäóëþ ðàâíûé 9.8 ·102 ñì/c2, åñòü óñêîðåíèå ñâîáîäíîãî ïàäåíèß íà ïîâåðõíî-
ñòè Çåìëè. Áåç îãðàíè÷åíèß îáùíîñòè ïîñòîßííàß ñðåäíßß ïëîòíîñòü æèäêîñòè ρ
ïîëîæåíà ðàâíîé åäèíèöå. Â çàïèñè ñèñòåìû (1.1)  (1.2), çàìêíóòîé îòíîñèòåëüíî
íåèçâåñòíûõ ôóíêöèé  ñêîðîñòè ~u = ~u(~x, t) è äàâëåíèß p = p(~x, t), èñïîëüçîâàíû
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ñòàíäàðòíûå îáîçíà÷åíèß èç òåíçîðíîãî àíàëèçà. Íàïðèìåð, äèàäà (~u ⊗ ~w) ïðåä-
ñòàâëßåò ñîáîé òåíçîðèíâàðèàíò âòîðîãî ðàíãà, ïîëó÷åííûé â ðåçóëüòàòå ïðßìîãî
òåíçîðíîãî ïðîèçâåäåíèß âåêòîðîâ ~u è ~w. Â ïðåäåëå ïðè cs → +∞ ÊÃÄ ñèñòåìà
ïåðåõîäèò â êëàññè÷åñêóþ ñèñòåìó ÍàâüåÑòîêñà äëß âßçêîé íåñæèìàåìîé æèä-
êîñòè.
Ïóñòü V  îãðàíè÷åííàß îäíîñâßçíàß îáëàñòü â åâêëèäîâîì ïðîñòðàíñòâå R3~x
ñ êóñî÷íî-ãëàäêîé ãðàíèöåé ∂V , V = V ∪ ∂V  åå çàìûêàíèå, ~n = ~n(~x)  âåêòîð
âíåøíåé åäèíè÷íîé íîðìàëè ê ∂V â òî÷êå ~x ∈ ∂V , Q = V × [0, T ]  îãðàíè÷åííûé
èëè íåîãðàíè÷åííûé öèëèíäð â R3~x × Rt, Q = V × [0, T ]  åãî çàìûêàíèå, T  çà-
äàííîå ïîëîæèòåëüíîå ÷èñëî èëè ñèìâîë +∞ ñîîòâåòñòâåííî. Ïàðàìåòð t ∈ [0, T ]
áóäåì èíòåðïðåòèðîâàòü êàê âðåìß. Ïðèñîåäèíèì ê ñèñòåìå (1.1)  (1.2) íà÷àëüíîå
óñëîâèå
~u
∣∣∣
t=0
= ~u0(~x), ~x ∈ V , (1.3)
ãðàíè÷íûå óñëîâèß
~u
∣∣∣
∂V
= ~0, (~w · ~n)
∣∣∣
∂V
= 0, t ∈ [0, T ], (1.4)
à òàêæå óñëîâèå íîðìèðîâêè äëß äàâëåíèß∫
V
p dV = 0, t ∈ [0, T ]. (1.5)
Ñèìâîëîì C2α,α~x, t (Q), ãäå α  íàòóðàëüíîå ÷èñëî, îáîçíà÷èì êëàññ íåïðåðûâíûõ
â Q ôóíêöèé f = f(~x, t), èìåþùèõ íåïðåðûâíûå â Q ÷àñòíûå ïðîèçâîäíûå
∂α1+α2+α3+βf
∂xα11 ∂x
α2
2 ∂x
α3
3 ∂t
β
äëß ëþáûõ öåëûõ è íåîòðèöàòåëüíûõ ÷èñåë α1, α2, α3 è β, ïîä÷èíßþùèõñß íåðà-
âåíñòâó α1 + α2 + α3 + 2β 6 2α. Êëàññ C2α,α~x, t (Q) ñîñòîèò èç âåêòîðôóíêöèé ~f =
~f(~x, t) = (f1(~x, t), f2(~x, t), f3(~x, t)), êàæäàß êîìïîíåíòà fi êîòîðûõ ïðèíàäëåæèò
C2α,α~x, t (Q).
Ñèìâîëîì Cα,0~x,t (Q), ãäå α  íàòóðàëüíîå ÷èñëî, îáîçíà÷èì ìíîæåñòâî âñåõ
íåïðåðûâíûõ â Q ôóíêöèé f = f(~x, t), ó êîòîðûõ ñóùåñòâóþò íåïðåðûâíûå â
Q ïðîèçâîäíûå
∂α1+α2+α3f
∂xα11 ∂x
α2
2 ∂x
α3
3
ïðè ëþáûõ öåëûõ íåîòðèöàòåëüíûõ α1, α2, α3, òàêèõ, ÷òî α1+α2+α3 6 α.
Îïðåäåëåíèå. Ðåøåíèåì íà÷àëüíîêðàåâîé çàäà÷è (1.1)−(1.5), íàçîâåì ôóíê-
öèè ~u = ~u(~x, t) ∈ C2,1~x,t(Q)∩C1(Q), p = p(~x, t) ∈ C2,0~x,t (Q)∩C1,0~x,t (Q), óäîâëåòâîðßþ-
ùèå ïðè âñåõ (~x, t) ∈ Q óðàâíåíèßì (1.1)− (1.2), à òàêæå óñëîâèßì (1.3)− (1.5).
Èçó÷èì ñâîéñòâà ðåøåíèß ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è, èñõîäß èç
ïðåäïîëîæåíèß î òîì, ÷òî ïðè íåêîòîðûõ ~u0(~x) îíî ñóùåñòâóåò. Ñàìè ðåøåíèß
áóäåì èíòåðïðåòèðîâàòü êàê òå÷åíèß ñëàáîñæèìàåìîé âßçêîé æèäêîñòè â îãðà-
íè÷åííîì îáúåìå V . Ñêîðîñòü æèäêîñòè ~u0(~x) â ìîìåíò âðåìåíè t = 0 çàäàíà.
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Êðàåâûå óñëîâèß (1.4) îáåñïå÷èâàþò îòñóòñòâèå ïîòîêà ìàññû ÷åðåç ãðàíèöó ∂V .
Íåîäíîçíà÷íîñòü ïðè íàõîæäåíèè äàâëåíèß p, èãðàþùåãî ðîëü íåêîòîðîãî ïîòåí-
öèàëà, èñêëþ÷àåòñß óñëîâèåì íîðìèðîâêè (1.5).
2. Äèññèïàòèâíûå ñâîéñòâà êâàçèãèäðîäèíàìè÷åñêîé ñèñòåìû. Àïðèîð-
íûå îöåíêè ðåøåíèé
Ïîêàæåì, ÷òî êàçèãèäðîäèíàìè÷åñêàß ñèñòåìà ßâëßåòñß äèññèïàòèâíîé è äëß
íåå ìîæåò áûòü âûâåäåíî óðàâíåíèå áàëàíñà êèíåòè÷åñêîé ýíåðãèè ñ íåîòðèöà-
òåëüíîé äèññèïàòèâíîé ôóíêöèåé. Çàïèøåì ñèñòåìó â íåäèâåðãåíòíîé ôîðìå
div (~u− ~w) = 0, (2.1)
∂~u
∂t
+
(
(~u− ~w) · ∇)~u+∇(p+Ψ) = 2η div σ̂ + div (~u⊗ ~w). (2.2)
Çäåñü Ψ = −(~g · ~x)  ïîòåíöèàë ïîñòîßííîãî ãðàâèòàöèîííîãî ïîëß ~g. Óìíîæèì
ñêàëßðíî îáå ÷àñòè ðàâåíñòâà (2.2) íà ~u. Áóäåì èìåòü
~u · ∂~u
∂t
+ ~u · ((~u− ~w) · ∇)~u+ (~u · ∇)(p+Ψ) = 2η ~u · div σ̂ + ~u · div (~u⊗ ~w). (2.3)
Ïðåîáðàçóåì ïîñëåäîâàòåëüíî âñå ÷ëåíû, âõîäßùèå â (2.3):
~u · ∂~u
∂t
=
1
2
∂
∂t
(~u · ~u) = ∂
∂t
(~u2
2
)
, (2.4)
~u · ((~u− ~w) · ∇)~u = 3∑
i=1
ui
3∑
j=1
(uj − wj) ∂ui
∂xj
=
=
3∑
j=1
(uj − wj)
3∑
i=1
∂
∂xj
(u2i
2
)
=
=
3∑
j=1
(uj − wj) ∂
∂xj
3∑
i=1
(u2i
2
)
=
(
(~u− ~w) · ∇)(~u2
2
)
=
= div
(
(~u− ~w)~u
2
2
)
− ~u
2
2
div (~u− ~w) = div
(
(~u− ~w)~u
2
2
)
, (2.5)
(~u · ∇)(p+Ψ) = ((~u− ~w) · ∇)(p+Ψ) + (~w · ∇)(p+Ψ) =
= div
(
(~u− ~w)(p+Ψ))− (p+Ψ) div (~u− ~w) + (~w · ∇)(p+Ψ) =
= div
(
(~u− ~w)(p+Ψ))+ (~w · ∇)(p+Ψ), (2.6)
~u · div σ̂ =
3∑
i=1
ui
3∑
j=1
∂σij
∂xj
=
3∑
i,j=1
ui
∂σij
∂xj
=
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=
3∑
i,j=1
∂
∂xj
(σijui)−
3∑
i,j=1
σij
∂ui
∂xj
=
=
3∑
j=1
∂
∂xj
( 3∑
i=1
σijui
)
− 1
2
3∑
i,j=1
σij
( ∂ui
∂xj
+
∂uj
∂xi
)
=
= div
(
σ̂ · ~u)− (σ̂ : σ̂), (2.7)
~u · div (~u⊗ ~w) =
3∑
i=1
ui
3∑
j=1
∂(ujwi)
∂xj
=
=
3∑
i,j=1
∂
∂xj
(ujwiui)−
3∑
i,j=1
wiuj
∂ui
∂xj
=
=
3∑
j=1
∂
∂xj
(
uj
3∑
i=1
(wiui)
)
−
3∑
i=1
wi
3∑
j=1
uj
∂ui
∂xj
=
= div
(
~u(~w · ~u))− ~w · (~u · ∇)~u. (2.8)
Ïðè ïðîâåäåíèè ôîðìàëüíûõ âûêëàäîê ó÷òåíî ðàâåíñòâî (2.1), à òàêæå ñâîéñòâî
ñèììåòðè÷íîñòè ìàòðèöû σij . Ïîäñòàíîâêà (2.4)  (2.8) â (2.3) äàåò
∂
∂t
(~u2
2
)
+ div
[
(~u− ~w)
(~u2
2
+ p+Ψ
)
− 2η(σ̂ · ~u)− ~u(~w · ~u)] =
−2η(σ̂ : σ̂)− ~w · ((~u · ∇)~u+∇(p+Ψ)). (2.9)
Âñïîìèíàß, ÷òî
~w = τ
(
(~u · ∇)~u+∇p− ~g
)
= τ
(
(~u · ∇)~u+∇(p+Ψ)),
èç (2.9) âûâîäèì óðàâíåíèå áàëàíñà êèíåòè÷åñêîé ýíåðãèè
∂
∂t
(~u2
2
)
+ div
[
(~u− ~w)
(~u2
2
+ p+Ψ
)
− 2η(σ̂ · ~u)− ~u(~w · ~u)] = −Φ (2.10)
ñ íåîòðèöàòåëüíîé äèññèïàòèâíîé ôóíêöèåé
Φ = 2η
(
σ̂ : σ̂
)
+
~w2
τ
. (2.11)
Äëß ëþáîãî t ∈ [0, T ] íà ðåøåíèè ïîñòàâëåííîé íà÷àëüíîêðàâåâîé çàäà÷è
îïðåäåëèì ïîëíóþ êèíåòè÷åñêóþ ýíåðãèþ æèäêîñòè â îáúåìå
E(t) =
1
2
∫
V
~u2 dV. (2.12)
×òîáû óñòàíîâèòü ôàêò äèññèïàöèè E(t), íàì ïîòðåáóþòñß äâà èçâåñòíûõ [24] 
[26] óòâåðæäåíèß èç êóðñîâ ìàòåìàòè÷åñêîé ôèçèêè.
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Òåîðåìà 1 (ïðàâèëî Ëåéáíèöà). Ïóñòü çàäàííàß â Q = V × [0, T ] ôóíêöèß
f = f(~x, t) èìååò íåïðåðûâíóþ ïî t íà îòðåçêå [0, T ] ïðîèçâîäíóþ ∂f(~x, t)/∂t äëß
ïî÷òè âñåõ ~x ∈ V , è ñóùåñòâóåò èíòåãðèðóåìàß ïî Ëåáåãó â V ôóíêöèß q(~x),
òàêàß, ÷òî ïðè êàæäîì t ∈ [0, T ] ïî÷òè âñþäó â V âûïîëíßåòñß íåðàâåíñòâî
|∂f(~x, t)/∂t| 6 q(~x). Ïóñòü, äàëåå, ïðè íåêîòîðîì t0 ∈ [0, T ] ñóùåñòâóåò èíòå-
ãðàë
∫
V
f(~x, t0)dV . Òîãäà
∫
V
f(~x, t)dV ∈ C1([0, T ]) è íà ïðîìåæóòêå [0, T ] ñïðàâåä-
ëèâî òîæäåñòâî
d
dt
∫
V
f(~x, t) dV =
∫
V
∂f(~x, t)
∂t
dV. (2.13)
Òåîðåìà 2 (ôîðìóëà ÃàóññàÎñòðîãðàäñêîãî). Ïóñòü â îãðàíè÷åííîé
îäíîñâßçíîé îáëàñòè V ñ êóñî÷íîãëàäêîé ãðàíèöåé ∂V çàäàíî âåêòîðíîå ïîëå
~A(~x) = (A1(x1, x2, x3), A2(x1, x2, x3), A3(x1, x2, x3)), êàæäàß êîìïîíåíòà Ai êîòî-
ðîãî ïðèíàäëåæèò êëàññó ãëàäêîñòè C1(V ) ∩ C(V ). Ôóíêöèß
div ~A =
3∑
i=1
∂Ai
∂xi
èíòåãðèðóåìà ïî Ëåáåãó íà V . Òîãäà ñïðàâåäëèâà ôîðìóëà∫
V
div ~A dV =
∫∫
∂V
( ~A · ~n) dS. (2.14)
Çäåñü è äàëåå âñå èíòåãðàëû ïîíèìàþòñß â ëåáåãîâîì ñìûñëå. Ñèìâîëîì dS
îáîçíà÷åí ýëåìåíò ïëîùàäè ïîâåðõíîñòè ∂V îêîëî âåêòîðà âíåøíåé åäèíè÷íîé
íîðìàëè ~n.
Òåîðåìà 3 (î äèññèïàöèè ýíåðãèè). Ïóñòü ~u = ~u(~x, t), p = p(~x, t)  ðåøåíèå
ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è äëß êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé.
Òîãäà ïîëíàß êèíåòè÷åñêàß ýíåðãèß æèäêîñòè E(t) ßâëßåòñß ôóíêöèåé êëàññà
C1([0, T ]) è ïðè êàæäîì t ∈ [0, T ] âûïîëíßåòñß íåðàâåíñòâî
dE(t)
dt
6 0. (2.15)
Äîêàçàòåëüñòâî. Ïóñòü (~u, p)  ðåøåíèå ïîñòàâëåííîé íà÷àëüíîêðàåâîé çà-
äà÷è. Ïîäñòàâèâ åãî â (2.10), ïðîèíòåãðèðóåì ïîëó÷åííîå ðàâåíñòâî ïî îáëàñòè V .
Ïðèíèìàß âî âíèìàíèå (2.12)  (2.14), áóäåì èìåòü
dE(t)
dt
+
∫∫
∂V
( ~A · ~n) dS = −
∫
V
Φ dV. (2.16)
Âåêòîðíîå ïîëå
~A = (~u− ~w)
(~u2
2
+ p+Ψ
)
− 2η(σ̂ · ~u)− ~u(~w · ~u)
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ïðè ôèêñèðîâàííîì t íåïðåðûâíî äèôôåðåíöèðóåìî â V è íåïðåðûâíî â V . Èç
(2.10) è ñâîéñòâ ãëàäêîñòè ðåøåíèß (~u, p) ñëåäóåò, ÷òî div ~A ∈ C(V ). Ïîýòîìó
div ~A ∈ L1(V ). Â ñèëó ãðàíè÷íûõ óñëîâèé (1.4) ïîâåðõíîñòíûé èíòåãðàë âòîðîãî
ðîäà â ëåâîé ÷àñòè (2.16) îáðàùàåòñß â íóëü è ñïðàâåäëèâî ñîîòíîøåíèå
dE(t)
dt
= −
∫
V
Φ dV. (2.17)
Íåðàâåíñòâî (2.15) ßâëßåòñß ñëåäñòâèåì (2.17), åñëè ïðèíßòü âî âíèìàíèå íåîòðè-
öàòåëüíîñòü äèññèïàòèâíîé ôóíêöèè Φ. ¥
Ïðèñòóïèì ê ïîëó÷åíèþ ýíåðãåòè÷åñêèõ îöåíîê ðåøåíèß ïîñòàâëåííîé çàäà÷è.
Äëß ýòîãî ïîòðåáóþòñß íåðàâåíñòâî À. Êîðíà
1
2
∫
V
3∑
i,j=1
(∂uj
∂xi
)
dV 6
∫
V
(
σ̂(~u) : σ̂(~u)
)
dV (2.18)
è íåðàâåíñòâî Ê.Î. Ôðèäðèõñà∫
V
~u2 dV 6 cF
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
dV, (2.19)
ñïðàâåäëèâûå äëß âåêòîð ôóíêöèé ~u êëàññà C2(V )∩C1(V ), îáðàùàþùèõñß â íóëü
íà ∂V . Çäåñü cF  ïîëîæèòåëüíàß êîíñòâàíòà, çàâèñßùàß òîëüêî îò ãåîìåòðè÷åñ-
êèõ õàðàêòåðèñòèê V .
Äîêàæåì íåðàâåíñòâî Êîðíà. Èìååì∫
V
(
σ̂(~u) : σ̂(~u)
)
dV =
∫
V
3∑
i,j=1
σijσij dV =
1
4
∫
V
3∑
i,j=1
(∂uj
∂xi
+
∂ui
∂xj
)2
dV =
=
1
4
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
+
1
4
∫
V
3∑
i,j=1
( ∂ui
∂xj
)2
+
1
2
∫
V
3∑
i,j=1
∂uj
∂xi
∂ui
∂xj
dV =
=
1
2
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
+
1
2
∫
V
3∑
i,j=1
∂uj
∂xi
∂ui
∂xj
dV. (2.20)
Îöåíêà (2.18) ñëåäóåò èç (2.20), ïîñêîëüêó ïîñëåäíåå ñëàãàåìîå â (2.20) íåîòðè-
öàòåëüíî. Èñòèííîñòü ïîñëåäíåãî âûñêàçûâàíèß âûòåêàåò èç ñëåäóþùåé öåïî÷êè
ðàâåíñòâ:∫
V
3∑
i,j=1
∂uj
∂xi
∂ui
∂xj
dV =
∫
V
3∑
i,j=1
∂
∂xi
(
uj
∂ui
∂xj
)
dV −
∫
V
3∑
i,j=1
uj
∂2ui
∂xi∂xj
dV =
=
∫
V
3∑
i,j=1
∂
∂xi
(
uj
∂ui
∂xj
)
dV −
∫
V
3∑
i,j=1
uj
∂2ui
∂xj∂xi
dV =
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=
∫
V
3∑
i,j=1
∂
∂xi
(
uj
∂ui
∂xj
)
dV −
∫
V
3∑
i,j=1
∂
∂xj
(
uj
∂ui
∂xi
)
dV+
+
∫
V
3∑
i,j=1
∂ui
∂xi
∂uj
∂xj
dV =
∫
V
3∑
i,j=1
∂
∂xi
(
uj
∂ui
∂xj
− ui ∂uj
∂xj
)
dV+
+
∫
V
(
div ~u
)2
dV =
∫∫
∂V
3∑
i,j=1
(
uj
∂ui
∂xj
− ui ∂uj
∂xj
)
ni dS+
+
∫
V
(
div ~u
)2
dV =
∫
V
(
div ~u
)2
dV.
Çäåñü èñïîëüçîâàíû ñòàíäàðòíûå ïðàâèëà äèôôåðåíöèðîâàíèß, òåîðåìà Ã. Øâàð-
öà î ðàâåíñòâå ñìåøàííûõ ïðîèçâîäíûõ, ôîðìóëà ÃàóññàÎñòðîãðàäñêîãî, à òàêæå
ñâîéñòâà ãëàäêîñòè âåêòîðíîãî ïîëß ~u è îáðàùåíèå åãî â íóëü íà ãðàíèöå ∂V .
Äîêàçàòåëüñòâî íåðàâåíñòâà Ôðèäðèõñà ìîæíî íàéòè â [26].
Òåîðåìà 4. Íà ðåøåíèè ïîñòàâëåííîé íà÷àëüíî-êðàåâîé çàäà÷è ïðè ëþáîì
t ∈ [0, T ] âûïîëíßþòñß íåðàâåíñòâà
dE(t)
dt
+ME(t) 6 0 (2.21)
è
dϕ(t)
dt
6 0, (2.22)
ãäå ϕ(t) = E(t)eMt, M = (2η)/cF  ïîëîæèòåëüíàß êîíñòàíòà.
Äîêàçàòåëüñòâî. Ïðèíèìàß âî âíèìàíèå (2.17) è (2.11), à òàêæå íåðàâåíñòâà
Êîðíà è Ôðèäðèõñà, áóäåì èìåòü
−dE(t)
dt
=
∫
V
Φ dV = 2η
∫
V
(σ̂ : σ̂) dV +
1
τ
∫
V
~w2 dV >
> 2η
∫
V
(σ̂ : σ̂) dV > η
∫
V
3∑
i,j=1
(∂uj
∂xi
)2
dV > η
cF
∫
V
~u2 dV =
2η
cF
E(t). (2.23)
Ïîëàãàß M = (2η)/cF , èç (2.23) âûâîäèì (2.21).
Çàïèøåì òåïåðü (2.21) â ýêâèâàëåíòíîì âèäå
e−Mt
d
dt
(
E(t)eMt
)
6 0. (2.24)
Íà ïðîìåæóòêå [0, T ] ââåäåì íîâóþ ôóíêöèþ ϕ(t), ñâßçàííóþ ñ E(t) ñîîòíîøåíèåì
ϕ(t) = E(t)eMt (2.25)
Ïîñêîëüêó ýêñïîíåíòà ïðèíèìàåò òîëüêî ïîëîæèòåëüíûå çíà÷åíèß, èç (2.24),
(2.25) ïîëó÷èì (2.22). ¥
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Ñëåäñòâèå 1. Íà ïðîìåæóòêå [0, T ] ôóíêöèß ϕ(t) ßâëßåòñß íåâîçðàñòàþùåé.
Ñëåäñòâèå 2. Ïðè ëþáîì t ∈ [0, T ] âûïîëíßåòñß íåðàâåíñòâî
E(t) 6 E(0)e−Mt. (2.26)
Ïðèíèìàß âî âíèìàíèå (2.15), (2.26) è íåîòðèöàòåëüíîñòü ôóíêöèè E(t), ïîëó-
÷àåì ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 5. Ïðè T = +∞ ïîëíàß êèíåòè÷åñêàß ýíåðãèß E(t) óáûâàåò íà ïðî-
ìåæóòêå [0, +∞) è ñòðåìèòñß ê íóëþ ïðè t→ +∞.
Èíòåãðèðóß (2.26) íà ìíîæåñòâå [0, T ], ïîëó÷èì íåðàâåíñòâî
T∫
0
E(t) dt 6 E(0)
M
(
1− e−MT
)
, (2.27)
êîòîðîå ìîæíî çàïèñàòü â ýêâèâàëåíòíîé ôîðìå∫
Q
~u2 dV dt 6 1
M
(
1− e−MT
)∫
V
~u20 dV. (2.28)
Â ÷àñòíîñòè, ∫
Q
~u2 dV dt 6 1
M
∫
V
~u20 dV (2.29)
ïðè ëþáîì êîíå÷íîì èëè áåñêîíå÷íîì T . Òàêèì îáðàçîì, íàéäåíû àïðèîðíûå
îöåíêè äëß ñêîðîñòè ~u.
Ïðîèíòåãðèðóåì òåïåðü (2.17) ïî ïðîìåæóòêó [0, T ]:
E(0)− E(T ) =
T∫
0
dt
∫
V
Φ dV =
∫
Q
Φ dV dt =
=
∫
Q
(
2η
(
σ̂ : σ̂
)
+
~w2
τ
)
dV dt > 1
τ
∫
Q
~w2 dV dt.
Îòñþäà âûòåêàþò íåðàâåíñòâà∫
Q
~w2 dV dt 6 τ
(
E(0)− E(T )) 6 τE(0), (2.30)
∫
Q
(
(~u · ∇)~u+∇(p+Ψ))2 dV dt 6 1
2τ
∫
V
~u20 dV. (2.31)
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Çàìåòèì, ÷òî ôîðìóëû (2.15), (2.21), (2.22), (2.26), (2.27)  (2.29) ñïðàâåäëèâû è
íà ðåøåíèßõ àíàëîãè÷íî ïîñòàâëåííîé çàäà÷è äëß ñèñòåìû ÍàâüåÑòîêñà â äèíà-
ìèêå íåñæèìàåìîé æèäêîñòè. Ýíåðãåòè÷åñêèå îöåíêè (2.30), (2.31) ñïåöèôè÷íû
äëß êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé è ßâëßþòñß ñëåäñòâèåì áîëåå ñëîæíîé
ñòðóêòóðû äèññèïàòèâíîãî ôóíêöèîíàëà Φ ïî ñðàâíåíèþ ñ êëàññè÷åñêèì ñëó÷àåì.
Ïîëó÷åíûå íåðàâåíñòâà ìîãóò èñïîëüçîâàòüñß äëß íàõîæäåíèß äðóãèõ àïðèîðíûõ
îöåíîê, à òàêæå â äîêàçàòåëüñòâàõ òåîðåì î ñóùåñòâîâàíèè ðåøåíèé.
3. Òå÷åíèå æèäêîñòè ñî ñâîáîäíîé ãðàíèöåé âî âðàùàþùåéñß öèëèíä-
ðè÷åñêîé ïîëîñòè
Ðàññìîòðèì çàäà÷ó î ñòàöèîíàðíîì òå÷åíèè æèäêîñòè (íàïðèìåð, âîäû) âî
âðàùàþùåéñß öèëèíäðè÷åñêîé ïîëîñòè ðàäèóñà R ñ òâåðäûì íèæíèì ïëîñêèì
äíîì, ïåðïåíäèêóëßðíûì âíóòðåííåé áîêîâîé ïîâåðõíîñòè. Âåðõíßß ãðàíèöà îáú-
åìà, çàíèìàåìîãî æèäêîñòüþ, ïðåäïîëàãàåòñß ñâîáîäíîé. Íàä íåé íàõîäèòñß âîç-
äóõ ñ àòìîñôåðíûì äàâëåíèåì p0. Â ñîñòîßíèè ïîêîß âûñîòà ñòîëáà æèäêîñòè
ðàâíà H, çàíèìàåìûé åþ îáúåì V = piR2H. Ïîìåñòèì íà÷àëî ïðàâîé äåêàðòîâîé
ñèñòåìû êîîðäèíàò oxyz â öåíòð äíà ïîëîñòè, îñü oz íàïðàâèì âåðòèêàëüíî ââåðõ
ïî îòíîøåíèþ ê ïîâåðõíîñòè Çåìëè. Â êà÷åñòâå îñíîâíîé ìàòåìàòè÷åñêîé ìîäåëè
áóäåì ðàññìàòðèâàòü ÊÃÄ ñèñòåìó (1.1)  (1.2). Çàïèøåì åå â öèëèíäðè÷åñêèõ
êîîðäèíàòàõ äëß ñëó÷àß óñòàíîâèâøèõñß òå÷åíèé:
1
r
∂(rur)
∂r
+
1
r
∂uϕ
∂ϕ
+
∂uz
∂z
=
1
r
∂(rwr)
∂r
+
1
r
∂wϕ
∂ϕ
+
∂wz
∂z
, (3.1)
1
r
∂(ru2r)
∂r
+
1
r
∂(uϕur)
∂ϕ
+
∂(uzur)
∂z
− u
2
ϕ
r
+
∂p
∂r
=
= 2η
(1
r
∂(rσrr)
∂r
+
1
r
∂σϕr
∂ϕ
+
∂σzr
∂z
− σϕϕ
r
)
+
+
2
r
∂(rwrur)
∂r
+
1
r
∂(wϕur)
∂ϕ
+
∂(wzur)
∂z
+
+
1
r
∂(uϕwr)
∂ϕ
+
∂(uzwr)
∂z
− 2uϕwϕ
r
, (3.2)
1
r
∂(ruruϕ)
∂r
+
1
r
∂(u2ϕ)
∂ϕ
+
∂(uzuϕ)
∂z
+
uruϕ
r
+
1
r
∂p
∂ϕ
=
= 2η
(1
r
∂(rσrϕ)
∂r
+
1
r
∂σϕϕ
∂ϕ
+
∂σzϕ
∂z
+
σϕr
r
)
+
+
1
r
∂(rwruϕ)
∂r
+
2
r
∂(wϕuϕ)
∂ϕ
+
∂(wzuϕ)
∂z
+
+
1
r
∂(rurwϕ)
∂r
+
∂(uzwϕ)
∂z
+
urwϕ + uϕwr
r
, (3.3)
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1
r
∂(ruruz)
∂r
+
1
r
∂(uϕuz)
∂ϕ
+
∂(u2z)
∂z
+
∂p
∂z
=
= −g + 2η
(1
r
∂(rσrz)
∂r
+
1
r
∂σϕz
∂ϕ
+
∂σzz
∂z
)
+
+
1
r
∂(rwruz)
∂r
+
1
r
∂(wϕuz)
∂ϕ
+ 2
∂(wzuz)
∂z
+
+
1
r
∂(rurwz)
∂r
+
1
r
∂(uϕwz)
∂ϕ
, (3.4)
ãäå
wr = τ
(
ur
∂ur
∂r
+
uϕ
r
∂ur
∂ϕ
+ uz
∂ur
∂z
− u
2
ϕ
r
+
∂p
∂r
)
,
wϕ = τ
(
ur
∂uϕ
∂r
+
uϕ
r
∂uϕ
∂ϕ
+ uz
∂uϕ
∂z
+
uruϕ
r
+
1
r
∂p
∂ϕ
)
,
wz = τ
(
ur
∂uz
∂r
+
uϕ
r
∂uz
∂ϕ
+ uz
∂uz
∂z
+
∂p
∂z
+ g
)
. (3.5)
Êîìïîíåíòû òåíçîðà ñêîðîñòåé äåôîðìàöèé îïðåäåëßþòñß ñ ïîìîùüþ ñîîòíîøå-
íèé
σrr =
∂ur
∂r
, σϕϕ =
1
r
∂uϕ
∂ϕ
+
ur
r
, σzz =
∂uz
∂z
,
σrϕ = σϕr =
1
2
[1
r
∂ur
∂ϕ
+ r
∂
∂r
(uϕ
r
)]
,
σϕz = σzϕ =
1
2
(∂uϕ
∂z
+
1
r
∂uz
∂ϕ
)
,
σzr = σrz =
1
2
(∂uz
∂r
+
∂ur
∂z
)
. (3.6)
Ñâßçü äåêàðòîâûõ êîîðäèíàò (x1, x2, x3) = (x, y, z) ñ öèëèíäðè÷åñêèìè êîîðäèíà-
òàìè (r, ϕ, z) äàåòñß ðàâåíñòâàìè
x = r cosϕ, y = r sinϕ, z = z.
Êîýôôèöèåíò äèíàìè÷åñêîé âßçêîñòè η, õàðàêòåðíîå âðåìß ðåëàêñàöèè τ è óñêî-
ðåíèå ñâîáîäíîãî ïàäåíèß g ñ÷èòàþòñß çàäàííûìè ïîëîæèòåëüíûìè êîíñòàíòàìè.
Íåèçâåñòíûìè âåëè÷èíàìè ßâëßþòñß êîìïîíåíòû ur = ur(r, ϕ, z), uϕ = uϕ(r, ϕ, z),
uz = uz(r, ϕ, z) âåêòîðà ñêîðîñòè ~u â îðòîíîðìèðîâàííîì ëîêàëüíîì áàçèñå (~er,
~eϕ, ~ez) è äàâëåíèå p = p(r, ϕ, z).
Ïóñòü Ω  ïîñòîßííàß óãëîâàß ñêîðîñòü âðàùåíèß öèëèíäðà âîêðóã îñè oz.
Áóäåì èñêàòü ÷àñòíîå ðåøåíèå ñèñòåìû (3.1)  (3.6) â âèäå
ur = 0, uϕ = Ωr, uz = 0, p = −gz +A(r), (3.7)
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ãäå A(r)  ïîäëåæàùàß îïðåäåëåíèþ ôóíêöèß. Ïîäñòàíîâêà (3.7) â (3.5) ïðèâîäèò
ê ñîîòíîøåíèßì
wr = τ
(dA
dr
− Ω2r
)
, wϕ = 0, wz = 0. (3.8)
Äëß çàâèñèìîñòåé âèäà (3.7) âñå êîìïîíåíòû òåíçîðà ñêîðîñòåé äåôîðìàöèé ðàâíû
íóëþ. Ïîýòîìó ñèñòåìà (3.1)  (3.6) ïðèíèìàåò âèä
d
dr
[
r
(dA
dr
− Ω2r
)]
= 0, (3.9)
dA
dr
= Ω2r, (3.10)
d
dr
[
Ωr2
(dA
dr
− Ω2r
)]
+
(dA
dr
− Ω2r
)
Ωr = 0. (3.11)
Ðàâåíñòâà (3.9), (3.11) ßâëßþòñß ñëåäñòâèåì (3.10). Èíòåãðèðîâàíèå (3.10) ïî ïå-
ðåìåííîé r äàåò
A(r) =
Ω2r2
2
+ c1, (3.12)
ãäå c1  ïîñòîßííàß.
Îïðåäåëèì òåïåðü ôîðìó ñâîáîäíîé ïîâåðõíîñòè S æèäêîñòè, ñ÷èòàß ÷òî äàâ-
ëåíèå íà íåé ïîñòîßííî è ðàâíî àòìîñôåðíîìó äàâëåíèþ p0. Ïóñòü óðàâíåíèå ýòîé
ïîâåðõíîñòè èìååò âèä
z = α(r), 0 6 r 6 R. (3.13)
Ñ ïîìîùüþ (3.7), (3.12), (3.13) íàõîäèì
p0 = −gα(r) + Ω
2r2
2
+ c1. (3.14)
Îòñþäà
z = α(r) =
Ω2r2
2g
+
1
g
(
c1 − p0
)
, 0 6 r 6 R. (3.15)
Òàêèì îáðàçîì, S åñòü ïàðàáîëîèä âðàùåíèß.
Äëß âû÷èñëåíèß êîíñòàíòû c1 âîñïîëüçóåìñß çàêîíîì ñîõðàíåíèß îáúåìà. Çà-
ïèøåì (3.15) â ýêâèâàëåíòíîì âèäå
z = β(x, y) =
Ω2
2g
(
x2 + y2
)
+
1
g
(
c1 − p0
)
, x2 + y2 6 R2.
Çàíèìàåìûé æèäêîñòüþ îáúåì
V = piR2H =
∫∫
x2+y26R2
β(x, y) dxdy = 2pi
R∫
0
rα(r) dr =
=
piΩ2
4g
R4 +
piR2
g
(
c1 − p0
)
. (3.16)
Èç (3.16) íàõîäèì
c1 = p0 + gH − Ω
2R2
4
. (3.17)
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Ïîäñòàíîâêà (3.17) â (3.15) äàåò ôîðìó ñâîáîäíîé ïîâåðõíîñòè S:
z = α(r) = H +
Ω2
4g
(
2r2 −R2), 0 6 r 6 R. (3.18)
Ïîñêîëüêó α(r) > 0, äîëæíà âûïîëíßòüñß îöåíêà
Ω2 <
4gH
R2
. (3.19)
Òàêèì îáðàçîì, ðåøåíèß ðàññìàòðèâàåìîãî âèäà ñóùåñòâóþò òîëüêî äëß óãëîâûõ
ñêîðîñòåé Ω, óäîâëåòâîðßþùèõ íåðàâåíñòâó (3.19). Êàê ñëåäóåò èç (3.7), (3.12),
(3.17), ñàìî ðåøåíèå âûãëßäèò ñëåäóþùèì îáðàçîì:
ur = 0, uϕ = Ωr, uz = 0,
p = p0 + g(H − z) + Ω
2
4
(
2r2 −R2), 0 6 r 6 R, 0 6 z 6 α(r). (3.20)
Çàìåòèì, ÷òî çàâèñèìîñòè (3.20) óäîâëåòâîðßþò òàêæå êëàññè÷åñêèì ñòàöèî-
íàðíûì óðàâíåíèßì ÍàâüåÑòîêñà è Ýéëåðà, âûïèñàííûì â öèëèíäðè÷åñêèõ êîîð-
äèíàòàõ. Íàïðèìåð, ôîðìà ñâîáîäíîé ïîâåðõíîñòè â âèäå ïàðàáîëîèäà ïîëó÷àåòñß
èç ìîäåëè Ýéëåðà (ñì. [1], ñ. 42). Êàê è â [1], ïðè ïîñòàíîâêå çàäà÷è íå ó÷èòûâà-
ëèñü ýôôåêòû ïîâåðõíîñòíîãî íàòßæåíèß. Èçìåíåíèå àòìîñôåðíîãî äàâëåíèß íà
âûñîòå ïîðßäêà Ω2R2/(2g) òàêæå íå ïðèíèìàëîñü âî âíèìàíèå.
4. Òå÷åíèå æèäêîñòè âî âðàùàþùåéñß ñôåðè÷åñêîé ïîëîñòè
Ðàññìîòðèì çàäà÷ó î ñòàöèîíàðíîì òå÷åíèè â óñëîâèßõ íåâåñîìîñòè æèäêî-
ñòè, çàïîëíßþùåé ñôåðè÷åñêóþ ïîëîñòü ðàäèóñà R > 0. Îãðàíè÷èâàþùàß ïî-
ëîñòü ñôåðà âðàùàåòñß ñ ïîñòîßííîé óãëîâîé ñêîðîñòüþ Ω âîêðóã îñè oz. Íà÷àëî
äåêàðòîâîé ñèñòåìû êîîðäèíàò oxyz íàõîäèòñß â öåíòðå ïîëîñòè. Âûïèøåì êâà-
çèãèäðîäèíàìè÷åñêóþ ñèñòåìó (1.1)  (1.2) áåç ó÷åòà âíåøíèõ ñèë â ñôåðè÷åñêîé
ñèñòåìå êîîðäèíàò äëß óñòàíîâèâøèõñß òå÷åíèé:
1
r2
∂
∂r
(
r2ur
)
+
1
r sin θ
∂
∂θ
(
uθ sin θ
)
+
1
r sin θ
∂uϕ
∂ϕ
=
=
1
r2
∂
∂r
(
r2wr
)
+
1
r sin θ
∂
∂θ
(
wθ sin θ
)
+
1
r sin θ
∂wϕ
∂ϕ
, (4.1)
1
r2
∂
∂r
(
r2u2r
)
+
1
r sin θ
∂
∂θ
(
uθur sin θ
)
+
1
r sin θ
∂(uϕur)
∂ϕ
− u
2
θ + u
2
ϕ
r
+
∂p
∂r
=
= 2η
[ 1
r2
∂
∂r
(
r2σrr
)
+
1
r sin θ
∂
∂θ
(
sin θ σθr
)
+
1
r sin θ
∂σϕr
∂ϕ
− σθθ + σϕϕ
r
]
+
+2
1
r2
∂
∂r
(
r2wrur
)
+
1
r sin θ
∂
∂θ
(
wθur sin θ
)
+
1
r sin θ
∂(wϕur)
∂ϕ
+
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+
1
r sin θ
∂
∂θ
(
uθwr sin θ
)
+
1
r sin θ
∂(uϕwr)
∂ϕ
− 2uθwθ + uϕwϕ
r
, (4.2)
1
r2
∂
∂r
(
r2uruθ
)
+
1
r sin θ
∂
∂θ
(
u2θ sin θ
)
+
1
r sin θ
∂(uϕuθ)
∂ϕ
+
uθur
r
− u
2
ϕctg θ
r
+
+
1
r
∂p
∂θ
= 2η
[ 1
r2
∂
∂r
(
r2σrθ
)
+
1
r sin θ
∂
∂θ
(
sin θ σθθ
)
+
1
r sin θ
∂σϕθ
∂ϕ
+
+
σθr − σϕϕctg θ
r
]
+
1
r2
∂
∂r
(
r2wruθ
)
+
2
r sin θ
∂
∂θ
(
wθuθ sin θ
)
+
+
1
r sin θ
∂(wϕuθ)
∂ϕ
+
1
r2
∂
∂r
(
r2urwθ
)
+
1
r sin θ
∂(uϕwθ)
∂ϕ
+
+
wθur + wruθ
r
− 2uϕwϕctg θ
r
, (4.3)
1
r2
∂
∂r
(
r2uruϕ
)
+
1
r sin θ
∂
∂θ
(
uθuϕ sin θ
)
+
1
r sin θ
∂
(
u2ϕ
)
∂ϕ
+
uruϕ
r
+
+
uθuϕctg θ
r
+
1
r sin θ
∂p
∂ϕ
= 2η
[ 1
r2
∂
∂r
(
r2σrϕ
)
+
1
r sin θ
∂
∂θ
(
sin θ σθϕ
)
+
+
1
r sin θ
∂σϕϕ
∂ϕ
+
σϕr + σϕθctg θ
r
]
+
1
r2
∂
∂r
(
r2wruϕ
)
+
+
1
r sin θ
∂
∂θ
(
wθuϕ sin θ
)
+
2
r sin θ
∂(wϕuϕ)
∂ϕ
+
1
r2
∂
∂r
(
r2urwϕ
)
+
+
1
r sin θ
∂(uϕwϕ)
∂ϕ
+
wϕur + wruϕ
r
+
wθuϕ + wϕuθ
r
ctg θ. (4.4)
Çäåñü
wr = τ
(
ur
∂ur
∂r
+
uθ
r
∂ur
∂θ
+
uϕ
r sin θ
∂ur
∂ϕ
− u
2
θ + u
2
ϕ
r
+
∂p
∂r
)
, (4.5)
wθ = τ
(
ur
∂uθ
∂r
+
uθ
r
∂uθ
∂θ
+
uϕ
r sin θ
∂uθ
∂ϕ
+
uruθ
r
− u
2
ϕctg θ
r
+
1
r
∂p
∂θ
)
, (4.6)
wϕ = τ
(
ur
∂uϕ
∂r
+
uθ
r
∂uϕ
∂θ
+
uϕ
r sin θ
∂uϕ
∂ϕ
+
uruϕ
r
+
uθuϕctg θ
r
+
1
r sin θ
∂p
∂ϕ
)
. (4.7)
Êîìïîíåíòû òåíçîðà ñêîðîñòåé äåôîðìàöèé σ̂ âû÷èñëßþòñß ïî ôîðìóëàì
σrr =
∂ur
∂r
, σθθ =
1
r
∂uθ
∂θ
+
ur
r
, σϕϕ =
ur
r
+
uθctg θ
r
+
1
r sin θ
∂uϕ
∂ϕ
,
σrθ = σθr =
1
2
(
1
r
∂ur
∂θ
+
∂uθ
∂r
− uθ
r
)
,
σθϕ = σϕθ =
1
2
( 1
r sin θ
∂uθ
∂ϕ
+
1
r
∂uϕ
∂θ
− uϕctg θ
r
)
,
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σϕr = σrϕ =
1
2
(∂uϕ
∂r
+
1
r sin θ
∂ur
∂ϕ
− uϕ
r
)
. (4.8)
Ñâßçü ñôåðè÷åñêèõ êîîðäèíàò (r, θ, ϕ) ñ äåêàðòîâûìè (x, y, z) äàåòñß ñîîòíîøå-
íèßìè x = r cosϕ sin θ, y = r sinϕ sin θ, z = r cos θ. Ñèñòåìà (4.1)  (4.8) çàìêíóòà
îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé  êîìïîíåíò âåêòîðà ñêîðîñòè ur = ur(r, θ, ϕ),
uθ = uθ(r, θ, ϕ), uϕ = uϕ(r, θ, ϕ) â îðòîíîðìèðîâàííîì ëîêàëüíîì áàçèñå (~er, ~eθ, ~eϕ)
è äàâëåíèß p = p(r, θ, ϕ).
Áóäåì èñêàòü ÷àñòíîå ðåøåíèå (4.1)  (4.8) â âèäå
ur = 0, uθ = 0, uϕ = A r sin θ, (4.9)
p = p(r, θ), (4.10)
ãäå A = const. Ïîäñòàâèâ (4.9) â (4.8), óáåæäàåìñß â òîì, ÷òî âñå êîìïîíåíòû
òåíçîðà ñêîðîñòåé äåôîðìàöèé îáðàùàþòñß â íóëü. Èç (4.7), (4.9), (4.10) ñëåäóåò,
÷òî wϕ = 0. Íàéäåì ôóíêöèþ (4.10) ñ ïîìîùüþ (4.5), (4.6), (4.9) èç óñëîâèé wr = 0,
wθ = 0. Ýòî ïðèâîäèò ê ñîîòíîøåíèßì
∂p
∂r
= A2 r sin2 θ,
∂p
∂θ
= A2 r2 sin θ cos θ. (4.11)
Îòñþäà
p =
A2r2
2
sin2 θ + p0. (4.12)
Çäåñü p0  ïðîèçâîëüíàß ïîñòîßííàß.
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñß â òîì, ÷òî çàâèñèìîñòè (4.9),
(4.12) îáðàçóþò òî÷íîå ðåøåíèå ñèñòåìû (4.1)  (4.8) ïðè ïðîèçâîëüíîì çíà÷åíèè
êîíñòàíòû A. Èç êðàåâîãî óñëîâèß
uϕ
∣∣∣
r=R
= ΩR sin θ
íàõîäèì A = Ω. Òàêèì îáðàçîì, òî÷íîå ðåøåíèå ÊÃÄ ñèñòåìû â ïîñòàâëåííîé
çàäà÷å èìååò âèä
ur = 0, uθ = 0, uϕ = Ω r sin θ, p =
Ω2r2
2
sin2 θ + p0, 0 6 r 6 R. (4.13)
Îíî ßâëßåòñß òàêæå òî÷íûì ðåøåíèåì ñòàöèîíàðíûõ ñèñòåì ÍàâüåÑòîêñà è Ýé-
ëåðà â ñôåðè÷åñêèõ êîîðäèíàòàõ.
Çàìåòèì, ÷òî â äàííîé ðàáîòå íå èññëåäóþòñß ïðîáëåìû óñòîé÷èâîñòè è åäèí-
ñòâåííîñòè ïîñòðîåííûõ ðåøåíèé. Íàïðèìåð, ðåøåíèå ÊÃÄ ñèñòåìû (4.13) ìîæåò
áûòü óñòîé÷èâî ëèøü ïðè ìàëûõ ÷èñëàõ Ðåéíîëüäñà Re = ΩR2/η. Ñ óâåëè÷åíèåì
Re íå èñêëþ÷åíî âîçíèêíîâåíèå âòîðè÷íûõ ðåæèìîâ òå÷åíèß.
5. Òî÷å÷íûé èñòî÷íèê ìàññû
Áóäåì èñêàòü òî÷íîå ðåøåíèå ñèñòåìû (4.1)  (4.8) â âèäå
ur =
Q
4pir2
, uθ = 0, uϕ = 0, (5.1)
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p = p(r). (5.2)
Åãî ñëåäóåò èíòåðïðåòèðîâàòü êàê òå÷åíèå, âûçâàííîå òî÷å÷íûì èñòî÷íèêîì (ñòî-
êîì) ìàññû èíòåíñèâíîñòè Q, íàõîäßùèìñß â íà÷àëå êîîðäèíàò. Íåïîñðåäñòâåííîé
ïðîâåðêîé óáåæäàåìñß â òîì, ÷òî íà ýòîì ðåøåíèè wθ = 0, wϕ = 0. Íàéäåì ðàñ-
ïðåäåëåíèå äàâëåíèß èç óñëîâèß wr = 0. Ïîäñòàíîâêà (5.2) â (4.5) ïðèâîäèò ê
ñîîòíîøåíèþ
dp
dr
= −ur dur
dr
=
Q2
8pi2r5
. (5.3)
Îòñþäà
p = p∞ − Q
2
32pi2r4
, r > 0. (5.4)
Äëß êîìïîíåíò òåíçîðà ñêîðîñòåé äåôîðìàöèé èìååì
σrr = − Q2pir3 , σθθ =
Q
4pir3
, σϕϕ =
Q
4pir3
. (5.5)
Îñòàëüíûå ñîñòàâëßþùèå σ̂ ðàâíû íóëþ. Ïðèíèìàß âî âíèìàíèå (5.5), íåòðóäíî
óáåäèòüñß â òîì, ÷òî çàâèñèìîñòè (5.1), (5.4) îáðàçóþò òî÷íîå ðåøåíèå ñòàöèîíàð-
íûõ óðàâíåíèé Ýéëåðà, ÍàâüåÑòîêñà è ÊÃÄ â ñôåðè÷åñêèõ êîîðäèíàòàõ.
Çàêëþ÷åíèå
Ïîëó÷åííûå â äàííîé ðàáîòå, à òàêæå â [4][6] ðåçóëüòàòû íåîñïîðèìî ñâè-
äåòåëüñòâóþò î íàëè÷èè ãëóáîêèõ è ðàçâåòâëåííûõ ñâßçåé, ïðåäëîæåííûõ àâòî-
ðîì êâàçèãèäðîäèíàìè÷åñêèõ óðàâíåíèé, ñ êëàññè÷åñêèìè óðàâíåíèßìè Íàâüå
Ñòîêñà. Â îòëè÷èå îò ñèñòåìû ÍàâüåÑòîêñà äëß íåñæèìàåìîé æèäêîñòè, ÊÃÄ
óðàâíåíèß ñîäåðæàò åùå îäèí âàæíûé ôèçè÷åñêèé ïàðàìåòð  ñêîðîñòü çâóêà cs.
Ïðåèìóùåñòâà ÊÃÄ ïîäõîäà ñëåäóåò èñêàòü äëß òàêèõ òå÷åíèé æèäêîñòåé â ìèê-
ðîêàíàëàõ è òîíêèõ ïëåíêàõ ñ õàðàêòåðíûì ëèíåéíûì ðàçìåðîì L, ïðè êîòîðûõ
çâóêîâîå ÷èñëî Ðåéíîëüäñà Res = (ρcsL)/η íå ñëèøêîì âåëèêî. Ïðè ýòîì íà òâåð-
äûõ ãðàíèöàõ íåîáõîäèìî çàäàâàòü óñëîâèß ïðîñêàëüçûâàíèß äëß ñêîðîñòè.
Àêòóàëüíûìè ßâëßþòñß ïðîáëåìû ñóùåñòâîâàíèß êëàññè÷åñêèõ èëè îáîáùåí-
íûõ ðåøåíèé çàäà÷ Êîøè è íà÷àëüíîêðàåâûõ çàäà÷ äëß ÊÃÄ óðàâíåíèé â ñëó÷àå
äâóõ èëè òðåõ ïðîñòðàíñòâåííûõ ïåðåìåííûõ, âûßñíåíèå óñëîâèé åäèíñòâåííî-
ñòè ðåøåíèé (ñì. [4][6], [27]). Íå èñêëþ÷åíî, ÷òî äîêàçàòåëüñòâî ñóùåñòâîâàíèß
ðåøåíèß òðåõìåðíîé íåñòàöèîíàðíîé ÊÃÄ ñèñòåìû ìîæåò îêàçàòüñß ïðîùå, ÷åì
äëß ñîîòâåòñòâóþùåé ñèñòåìû ÍàâüåÑòîêñà (ñì. [28]), âñëåäñòâèå áîëåå áîãàòîé
ñòðóêòóðû äèññèïàòèâíîãî ôóíêöèîíàëà Φ. Åùå îäèí âîïðîñ ñâßçàí ñ âûßñíåíèåì
óñëîâèé, ïðè êîòîðûõ ðåøåíèå ÊÃÄ óðàâíåíèé ïîòî÷å÷íî ñòðåìèòüñß ê ðåøåíèþ
óðàâíåíèé ÍàâüåÑòîêñà ïðè τ → +0. Çàìåòèì, ÷òî äëß âñåõ ïîñòðîåííûõ ê íàñòî-
ßùåìó âðåìåíè òî÷íûõ ðåøåíèé ñèñòåìû ÊÃÄ óêàçàííîå ñâîéñòâî âûïîëíßåòñß.
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